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E-mail address: jinhaeng@sogang.ac.kr (J.H. Lee).Spherical indentation is studied based on numerical analysis and experiment, to develop robust testing
techniques to evaluate isotropic elastic–plastic material properties of metals. The representative stress
and plastic strain concept is critically investigated via ﬁnite element analysis, and some conditions for
the representative values are suggested. The representative values should also be a function of material
properties, not only indenter angle for sharp indenter and indentation depth for spherical indenter. The
pros and cons of shallow and deep spherical indentation techniques are also discussed. For an indentation
depth of 20% of an indenter diameter, the relationships between normalized indentation parameters and
load–depth data are characterized, and then numerical algorithm to estimate material elastic–plastic
curve is presented. From the indentation load–depth curve, the new approach provides stress–strain
curve and the values of elastic modulus, yield strength, and strain-hardening exponent with an average
error of less than 5%. The method is conﬁrmed to be valid for various elastic properties of indenter. Exper-
imental validation of the approach then is performed by using developed micro-indentation system. For
the material severely disobeying power law hardening, a modiﬁed method to reduce errors of predicted
material properties is contrived. It is found that our method is robust enough to get ideal power law prop-
erties, and applicable to input of more complex physics.
Published by Elsevier Ltd.1. Introduction Nakamura et al., 2000; Dao et al., 2001; Nayebi et al., 2002; MataAn indentation test is a method used to evaluate material char-
acteristics based on the relationship between load and displace-
ment. From the method, we can measure and predict hardness,
elastic modulus, stiffness, yield strength, strain-hardening expo-
nent, fracture toughness, residual stress, and creep coefﬁcients.
The indentation test is relatively simple and gives various informa-
tion of material, but the results are quite different from those ob-
tained by traditional material testing methods, so it is hard to
separately extract what we want to know from the test results.
Hence, indentation tests are still inapt to measure various material
properties, and used to merely gauge hardness and elastic modu-
lus. This kind of barrier, however, is gradually being overcome both
by ﬁnite element (FE) analyses of subindenter stress and deforma-
tion ﬁelds, and by improvement of continuous measurement tech-
niques of load and displacement.
For ﬁnite element analysis, which is the main concern of the
present paper, there are a lot of attempts to achieve material elas-
tic–plastic properties based on reverse engineering (Knapp et al.,
1999; Huber and Tsakmakis, 1999a,b; Venkatesh et al., 2000;Ltd.
ent of Materials Science and
7996, USA.et al., 2002; Bucaille et al., 2003; Chollacoop et al., 2003; Gu
et al., 2003; Mata and Alcalá, 2003; Mata and Alcalá, 2004; Cao
and Lu, 2004; Lee et al., 2005; Ogasawara et al., 2006; Chen
et al., 2007; Lee et al., 2008). Especially, Chen et al. (2007) dealt
with the issue of uniqueness of elastic–plastic properties predicted
by conical and spherical indentation tests via FE analysis, and con-
cluded that a large range of indenter angle for plural conical inden-
tation and a deep depth for spherical indentation are needed to
promise unique material properties. However, even though we
choose more proper indenter angles and depth to assure the un-
ique solution, more complicated and practical problems including
experimental difﬁculties, which we will also deal with in this pa-
per, still exist in indentation tests.
To evaluate mechanical properties of materials by indentation
testing, it is essential to determine functions mapping the load–
displacement curve into the stress–strain curve. Unlike tensile
and compression tests, the mapping functions in indentation are
truly complicated. To detour this, representative (or characteristic)
stress and strain are often used. The representative stress and
strain in indentation represent the deformation state and corre-
sponding load and depth. For self-similar Berkovich, Vickers,
Knoop and conical indenters, the stress–strain ﬁeld scales with
indentation depth if there is no size effect. Nonetheless, it is hard
to draw the master representative stress and strain applicable to
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ﬁeld evolves non-proportionally with depth, it is even harder to
deﬁne representative stress and strain. The representative strains
suggested in earlier works are quite different from each other.
No ﬁxed value of representative strain is universally operative.
We suspect that the term, representative strain, is conceptually va-
gue. For spherical indentation, Lee et al. (2005) showed that Tabor
(1948, 1951)’s representative strain deﬁned at the contact edge of
spherical indenter disagrees with the value of plastic strain ob-
tained from ﬁnite element analysis. As an alternative, Taljat et al.
(1998) and Lee et al. (2001, 2004, 2005) observed FE strain distri-
butions of the subindenter region and selected optimal data acqui-
sition location for material property evaluation. The work of Taljat
et al. lacks generality since the method is valid only for a speciﬁc
ﬁxed value of yield strain. Overcoming this limitation, Lee et al.
(2005) developed a method for metallic materials, which converts
the load–depth curves to stress–strain curves providing material
properties. Their method, however, is based on shallow indenta-
tion, so different materials may produce nearly identical load–
depth curves even without frictional effect as mentioned in their
study and other works (Zhao et al., 2006; Chen et al., 2007).
In this paper, we ﬁrst investigate the meaning of representative
stress and strain, and induce proper conditions as representative
values to achieve isotropic elastic–plastic material properties
including non-power law hardening material in Section 2. In Sec-
tion 3, utilizing ﬁnite element analysis, we compare the pros and
cons of shallow and deep spherical indentation tests, and then pro-
pose a new method to evaluate elastic–plastic material properties
of continuum and isotropic metals using deep spherical indenta-
tion tests. In Section 4, we verify our new method for various
power law hardening material properties including indenter prop-
erties, based on ﬁnite element analysis. In Section 5, we experi-
mentally generate actual load–displacement curves by using our
micro-indentation system, and then study the characteristics of
the material disobeying power law hardening law in real
experiments.2. Representative stress and strain
2.1. The concept of the representative stress and strain
The concept of the ‘‘representative” stress and strain (rr and er)
was originally introduced by Tabor (1948, 1951). In his work, it
means the representative value of the whole of deformed material
under indenter. He proposed the values of er = 0.08–0.10 and 0.2r/R
(where r is the contact radius and R is the indenter radius) for the
representative plastic strain of Vickers and spherical indenters,
respectively. The representative stress corresponding to the repre-
sentative strain is deﬁned by rr = H/w where H is the hardness and
w is the constraint factor (Tabor, 1948, 1951; Francis, 1976).
Then, Johnson (1985) expressed the representative plastic
strain as a function of the half-included conical indenter angle, /,
using expanding cavity model (Hill, 1950), i.e., er = 0.2 cot/. Some
researchers (Jayaraman et al., 1998; Cheng and Cheng, 1998; Cheng
and Li, 2000) studied the effects of cone angle and material proper-
ties on the representative stress and plastic strain via ﬁnite ele-
ment analysis, and showed that value of the representative strain
lies between 0.07 and 0.10 for 70.3 cone angle. On the contrary,
Giannakopoulos et al. (1994) chose er = 0.3 via three-dimensional
ﬁnite element analysis, and Chaudhri (1998) experimentally deter-
mined the values as 0.25–0.36 from Vickers indentation for an-
nealed copper. Then, Giannakopoulos and Suresh (1999) used
er = 0.29 for sharp indentation, and suggested a methodology to
determine elastic–plastic material properties by a single sharp
indentation test. Larsson (2001), via ﬁnite element analysis of cone,Vickers and Berkovich indentation, has shown that the hardness
can be described by two stress values at er = 0.02 and 0.35 approx-
imately, and the hardness values are almost constant when the
stress–strain curves just pass through the same points at the two
strain values. Dao et al. (2001) redeﬁned the meaning of the plastic
strain, and showed that the materials having the same loading
curve pass the same stress–plastic strain point for power law hard-
ening materials in conical indentation. They chose this point as the
representative value (er = 0.033), then extended the work of
Giannakopoulos and Suresh (1999) for the determination of
elastic–plastic material properties. Their single sharp indentation
techniques (Giannakopoulos and Suresh, 1999; Dao et al., 2001),
however, do not guarantee the uniqueness of the calculated mate-
rial properties, (Cheng and Cheng, 1999) so Bucaille et al. (2003)
and Chollacoop et al. (2003) independently suggested dual sharp
indentation techniques based on Dao et al.’s single cone approach.
Subsequently, some studies (Cao et al., 2005; Ogasawara et al.,
2005, 2006; Cao and Huber, 2006; Chen et al., 2007) modiﬁed
the deﬁnition of representative strain, and developed their own re-
verse analysis approaches to evaluation of material properties from
dual conical indentation tests.
For spherical indentation, Hill et al. (1989) have developed sim-
ilarity solution, but the limitation of similarity solution was dis-
cussed later (Biwa and Storåkers, 1995; Mesarovic and Fleck,
1999, 2000; Lee et al., 2005). Haggag et al. (1990) and Field and
Swain (1995) developed the evaluation methods based on Tabor
(1948, 1951) and Francis (1976)’s representative concept. Their
formulations, however, have some assumptions that are inconsis-
tent with actual deformations and stress–strain distributions (Tal-
jat et al., 1998; Lee et al., 2005). Hence, Taljat et al. (1998)
suggested modiﬁed methods based on ﬁnite element analysis.
They observed equivalent plastic strain distributions and selected
a few new optimal points to extract representative stress and
strain values. Motivated by the idea of Taljat et al, Lee et al.
(2005) developed a more general method to evaluate material
properties for metals. Some other researchers (Chen et al., 2007;
Cao and Lu, 2004; Zhao et al., 2006) also studied spherical indenta-
tion based on their own deﬁnitions of representative strain
adopted from conical indentation.
Here it should be noted that the representative stress and strain
are the values chosen by researchers’ viewpoint, and their meaning
differs from average values (Jayaraman et al., 1998), so the repre-
sentative plastic strain can vary from 0.01 to 0.3 for 70.3 conical
indenter. Therefore, it would be of great interest to investigate
the appropriate representative value. We will deal with the next
question: what things should be considered to determine the rep-
resentative values, for example, whether they are proper values for
the materials disobeying power law hardening.
2.2. The validity of the representative values
To investigate the relationship between representative strain
and load–depth curve, ﬁnite element analyses for conical indenta-
tion using ABAQUS have been carried out. We performed non-lin-
ear geometry change FE analyses for isotropic elastic–plastic
material, which follows the J2 ﬂow theory. Considering both load-
ing and geometric symmetries, we used the four-node axisymmet-
ric element. The FE model consists of about 16,500 elements and
17,300 nodes. Table 1 and Fig. 1 show the material properties used
in ﬁnite element calculations. As shown in Table 1, material 1 is an
elastic–perfectly plastic material, and material 6 is an elastic-linear
hardening material. The piecewise linear materials 2–5 are satu-
rated after (es, rs) points. All materials pass (ep, r) = (0.033,
500 MPa). In the present work we use the original plastic strain
deﬁnition (etotal = r/E + ep). Although it differs from Dao et al.
(2001)’s, the difference is negligible. These kinds of analyses are
Table 1
Material properties used in ﬁnite element calculations of conical indentation.
Material Elastic modulus E = 200 GPa
Poisson’s ratio m = 0.3
Yield strength ro (MPa) es rs (MPa)
1 500 0 500
2 400 0.033 500
3 400 0.066 600
4 400 0.165 900
5 400 0.297 1300
6 400 – –
A 400 0.231 1100
B 400 0.264 1200
εp
0.0 0.1 0.2 0.3 0.4
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Fig. 1. Stress–plastic strain curves used in FE analyses.
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Fig. 2. Normalized load–depth curves generated from FE analyses using the
material properties given in Table 1.
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Fig. 3. Enlarged normalized load–depth curves generated from FE analyses.
Materials A and B are added to investigate the load deviation for the large es values.
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connected to hardness, not material property evaluation. The hard-
ness does not represent the characteristic of the whole deforma-
tion. It should be noted that although some materials have the
same hardness values, their load–displacement curves and the
pile-up/sink-in trends can be quite different.
The loading curves of self-similar indenters generally follow the
Kick’s law relation:
P ¼ Ch2t ; ð1Þ
where P is the indentation load, ht is the measured indentation
depth, and C is the coefﬁcient of the Kick’s law. According to obser-
vation of Dao et al. (2001), the six materials used in ﬁnite element
analyses should have the similar C. However, as shown in Fig. 2, the
coefﬁcients vary in wide range. It means that the representative val-
ues obtained from Dao et al.’s observation is inapplicable for non-
power law hardening materials.
Here we should think about the reason why their Cs are not
identical. In Fig. 2, we conﬁrm that the two materials 1 and 3 have
almost the same C value. The contact areas of two materials differ
from each other because of pile-up/sink-in effect. It also means
that their mean contact pressures (or hardnesses) are different;
their hardnesses obtained from ﬁnite element analyses are 1.3
and 1.5 GPa, respectively. Their deformed geometries and stress–
strain distributions also totally differ from each other. If that is
the case, why should their representative stress be the same, fur-
thermore, is it reasonable to set the representative plastic strain
as only a function of indenter angle? For an in-depth study, we
compared materials 2–5 with material 6. Let us assume two mate-
rials that have the same stress–plastic strain curves up to the rep-
resentative strain, then they branch out after the value, like
materials 2 and 6 where er = 0.033. If the representative strain isnot a function of material properties, their representative stress
should be identical. However, the representative stresses calcu-
lated from any function used in reverse analysis are not the same
because their C (and H) values are dissimilar except for er  0.3.
If er  0.3 for the materials 5 and 6, their load–depth curves will
be almost identical (Fig. 2). Hence, to solve the contradiction, the
representative plastic strain should change with material charac-
teristics or should be the value of about 0.3. Note that Larsson
(2001) selected 0.35, which is a little bigger than our one, as the
upper bound of the representative strain based on the variation
of hardness. Giannakopoulos et al. (1994), Chaudhri (1998), and
Giannakopoulos and Suresh (1999) used about 0.3 as the represen-
tative plastic strain, but this value is too big to represent material
deformation. In Fig. 3, we added materials A and B to investigate
the load deviation for large values of es. If we set er = 0.3 for two
materials A and 6 in Fig. 3, their representative stresses at er = 0.3
will be deﬁnitely different. However, their loading curves are very
similar, so their calculated representative stresses must be similar,
too. It means that 0.3 is not a good choice for a representative plas-
tic strain. Therefore, the representative plastic strain should be a
function of material properties (or contact radius), which is the
only way to solve the above contradiction.
For spherical indentation we can also think about the similar
problem. Because of the geometrical non-linearity, the representa-
tive strain must be a function of indentation depth (or contact ra-
dius). Hence, we should determine whether it is possible that we
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indentation depth or not. Here we can deﬁnitely say that it should
also be a function of material properties (or contact radius).
2.3. Necessary conditions for the representative values
Now we should think about the methods that can reﬂect the ef-
fect of material properties. There could be a lot of approaches to in-
clude the effect of material properties. We can think about a
method not using representative values (Hyun et al., 2009), but
we would not deal with it because it may digress from the subject.
We may then think about the use of the actual average plastic
strain value. Jayaraman et al. (1998) showed a method to calculate
it in conical indentation. They multiplied the each volume by the
equivalent plastic strain at the centroid of element, and then di-
vided the sum of it by the total volume. They remarkably showed
that the average plastic strain is deﬁnitely a function of strain
hardening exponent. For highly plastic low hardening materials,
the average plastic strain epa = 0.04 and for high hardening materi-
als, epa = 0.02 for 70.3 conical indentation. In the present work we
also calculated the average plastic strains for the two materials 1
and 6 in Table 1. To calculate it, we graphically achieved the coor-
dinates of each speciﬁc plastic strain region, and then we approx-
imately calculated the volume of speciﬁc plastic strain region. Then
we deﬁned epa as
epa ¼
X
epf ðepÞ; ð2Þ
where f (ep) is a kind of probability distribution function of plastic
strain calculated from the volume, and
P
f ðepÞ ¼ 1. The average val-
ues epa of the materials 1 and 6 are 0.0255 and 0.0167, respectively.
The reason why our plastic strain is quite smaller than that of Jayar-
aman et al. (1998) may be that they used high ro/E ratio and ig-
nored the effect of equivalent plastic strain below 0.002. The
region under small plastic strains below 0.002 can have a great
inﬂuence on the average value because of their large volume. Note
that er of material 6 is 0.0167 and w is about 4.7; w could be much
bigger than 3, which quite differs from Johnson’s work (1985) and
any other studies. It should also be noted that the average plastic
strain decreases with increasing hardening. This may be related to
the plastic deformation tendency. A low hardening material can de-
form more easily, so its average plastic strain value is relatively
higher than that of high hardening material. The method using
average value, however, is quite tedious and impractical. As an
alternative way, we may use the idea of Taljat et al. (1998) and
Lee et al. (2005). They chose a new data acquisition point where
they directly extracted the representative stress and plastic strain.Fig. 4. The FE mesh for hmax/D =Especially Lee et al.’s representative values are a function of mate-
rial properties, therefore they can reﬂect material characteristics
well. Like average plastic strain, their representative plastic strain
also decreases with increasing hardening.
These works, however, can still have the problems for disobey-
ing normal power law hardening. In such a case, we may adopt a
modiﬁed power law function to express the materials disobeying
normal power law hardening as follows:
r ¼ Eet for r 6 ro
kðet  eaÞ1=na for rP ro

; ð3Þ
where na is the strain-hardening exponent, and k and ea (6 0) are
new ﬁtting parameters. If we normalize Eq. (3),
r
ro
¼
et
eo for r 6 ro
etea
eoea
 1=na
for rP ro
8<
: ; ð4Þ
where rnao  ðkna=EÞro þ knaea ¼ 0. Using the parameter ea, we can
establish a new algorithm to extract material properties. For sharp
indentation, more than three indenters with different angles are
needed to extract the three independent material properties ro/E,
n, and ea. Note that all of the representative strain and stress deﬁni-
tions, which are partially dependent on material properties, should
change with increasing the number of material parameters.
In the present study, we investigated the representative stress
and plastic strain, and suggested some conditions of determining
representative values. It is probably quite difﬁcult to say which re-
verse analysis method is more general because the algorithm can
be affected by many factors. Sometimes the method can be very
sensitive to experimental errors; hence it will be impossible to ex-
pect the validity of a newly developed method in advance. There-
fore, the veriﬁcation work for wide-ranging materials including
non-power law hardening materials is essential.
3. FE modeling and analysis of spherical indentation tests
3.1. FE modeling for spherical indentation
We used the commercial ﬁnite element code ABAQUS for the
numerical simulations of spherical indentation tests. Fig. 4 illus-
trates an axisymmetric ﬁnite element model of a spherical indenta-
tion test.We performed non-linear geometry change FE analyses for
isotropic elasto-plastic material, which follows the J2 ﬂow theory.
Considering both loading and geometric symmetries, we used the
four-node axisymmetric element. The FE model consists of about
16,500 elements and 17,300 nodes. The ratio of maximum indenta-20% indentation analyses.
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Fig. 5. (a) Stress–strain curves and (b) hmax/D = 6% and (c) 20% load–depth curves of
two different materials.
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deeper than that of our prior study (Lee et al., 2005), and the mini-
mumelement size at the surface is 0.0625% of an indenter diameter.
For proper minimum element size, see Lee et al. (2005). We placed
contact surfaces (ABAQUS, 2004) at both the material and indenter
surfaces of Fig. 4. Roller boundary conditions are imposed on the
bottom and the axi-symmetric axis of the specimen.
We measured the material properties of uniﬁed tungsten car-
bide (WC) indenter of our micro-indentation system (DKTT-3000)
by ultrasonic method. The indenter thus is an elastic tungsten car-
bide, having measured values EI = 537 GPa, mI = 0.24. It is shown in
Section 4.2 that the method is valid for any elastically deforming
indenters. We performed FEA for a total of 252 cases (E: 3  eo:
7  n: 12; Table 1) using the material properties related to piece-
wise power law of Eq. (9).3.2. Comparison of the characteristics between shallow and deep
indentation tests
Lee et al. (2005) attempted to estimate material properties by
shallow (hmax/D = 6%) indentation tests. Shallow indentation re-
duces indentation load and impression size, thus keeps the in-
denter from large deformation and allows a small specimen.
However, there is a catch in the practical use of shallow indenta-
tion. Fig. 5 shows the issue with hmax/D = 6% indentation tests.
For shallow indentation, two dissimilar materials [Fig. 5(a)]
may produce quite similar load–depth curves [Fig. 5(b)], where
the friction coefﬁcient f = 0.3. The material evaluation program
of Lee et al. (2005) can still distinguish even this slight difference.
In actual indentation tests, however, it seems unachievable or
meaningless to set apart the two curves in Fig. 5(b). In other
words, it is natural to ascribe the slight gap between two curves
to inherent experimental measuring errors, not to material dis-
parity. As indentation depth increases, however, the two load–
depth curves clearly separate from each other [Fig. 5(c)]. We
can then distinguish their material properties. The features in-
spired us to develop a modiﬁed method for a deeper spherical
indentation test (Lee et al., 2005). Different from the 6% indenta-
tion, the goal of 20% indentation is to describe the relative elastic
deformation of indenters by the ratio of elastic moduli between a
specimen and an indenter.
We began by examining the frictional effect on the indentation
load–depth curve. Fig. 6 shows the effect of friction coefﬁcient f on
the indentation load–depth curve generated by FEA for the mate-
rial with eo (=ro/E = 400 MPa/200 GPa) = 0.002 and n = 10. The ﬁg-
ure explains why Lee et al. (2005) selected hmax/D = 6% indention
depth, which is a shallow depth corresponding to normalized con-
tact diameter d/D ; 0.5. The 6% indentation is the maximum
indentation depth up to which load–depth curve is almost inde-
pendent of surface contact friction, but still captures the character-
istics of spherical indentation. For hmax/D = 20% indentation,
although affected by friction (Fig. 6), can set load–depth curves
of different materials apart as shown in Fig. 5. When hmax/
D = 20%, corresponding d/D is about 0.8, which is generally large
enough to ensure the uniqueness of load–depth curve (Lee et al.,
2005; Zhao et al., 2006; Chen et al., 2007).
Fig. 6 also demonstrates that the load–depth curve for hmax/
D = 20% with larger friction coefﬁcient f sits higher, but the curves
gradually converge to a single curve for fP 0.3. Although load–
depth curve is almost independent of f up to hmax/D = 6%, it should
be noted that the contact area is strongly affected by friction.
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because we use only load–depth data which is insensitive to fric-
tion, the difference of predicted contact diameter d is not an impor-
tant factor. For hmax/D = 20%, friction deﬁnitely affects the
estimated material properties. To solve this problem, one may con-
sider including friction coefﬁcient into indentation parameters. It
will, however, require almost prohibitive computational time due
to excessive increase of FEA cases and post-processing job. More-
over, it is undesirable since friction coefﬁcient should be an input
value in experiments. Thereupon, we set f = 0.3, since Coulomb
friction coefﬁcient between general metals is about 0.1–0.4. Lee
(2006) contrived a way of minimizing the frictional effect on
estimated properties by suitably selecting the regression range of
strain, the summary of which is given in Section 5.2.
If we use low hmax/D, because of relatively small indentation
load and contact area for a given indenter radius, we can reduce
specimen size and minimize deformation of indenter. Moreover,
we can ignore friction effect. Zhao et al. (2006) mentioned that
strain gradient effect (Nix and Gao, 1998; Swadener et al., 2002) in-
creases at shallow indentation depth, but this issue is actually far
from so simple. If we use larger spherical indenter, shallow inden-
tation is still valid. Most of all, if strain gradient effect is not negli-
gible at shallow indentation depth, it should be considered that
deep indentation also includes gradient effect, which absolutely
affects predicted material properties. Anyway, it is obvious that
low hmax/D indentation is weak in the uniqueness issue. On the
other hand, when we use large hmax/D, the uniqueness issue may
be solved, but another factor, i.e. friction, intervenes sharply. In
addition, large load causes the indenter to be deformed. It is very
hard to make nearly perfect diamond sphere tip, so it is often made
of tungsten carbide or tungsten. In that case, indentation deforma-
tion including plastically permanent crush can occur when we in-
dent relatively hard materials. Hence, although deep indentation
(large hmax/D) is inevitable for single spherical indentation, we
can think any other methodology, for example, hybrid method
using spherical and sharp indenters; thereby we can keep the merit
of shallow indentation (low hmax/D).
3.3. Summary of the spherical indentation techniques
In the numerical approach of Lee et al. (2005) using a spherical
indenter, the optimal data acquisition location is 2r/d = 0.8 and l/
D = 0.1 for hmax/D = 6%. Here, r is the projected distance from axi-
symmetric center after deformation, d is the contact diameter, l
is the distance from material surface to data acquisition depth, D
is the indenter diameter, and hmax is the maximum given indenta-
tion depth measured from the original specimen surface. The con-
tact diameter d is calculated with Eq. (5).
d ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hD h2
q
¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2htD ðc2htÞ2
q
ð5Þ
In Eq. (5), ht is the measured depth from the original specimen sur-
face, h the contact depth including the effects of pile-up and sink-in.
Lee et al. deﬁned c2 as the ratio of h to ht (c2  h/ht) and expressed it
as a function of material properties and indentation depth ht.
c2 ¼ f c0 ðeo;nÞ þ f c1 ðeo; nÞ lnðht=DÞ ð6Þ
where eo ( ro/E) is the yield strain and n the strain-hardening
exponent [see the piecewise power law of Eq. (9)]. They ex-
pressed representative stress and strain at 2r/d = 0.8, l/D = 0.1 as
a function of material properties and indentation depth using
Eqs. (7) and (8).
ep ¼ f ei ðeo; nÞðht=DÞi; i ¼ 0;1;2;3 ð7Þ
w  P
D2r
¼ f wi ðeo; nÞðht=DÞi $ r ¼
P
D2w
; i ¼ 0;1;2;3 ð8Þwhere P is the indentation load. These stress–strain data are re-
gressed by piecewise power law of Eq. (9) suggested by Rice and
Rosengren (1968).
et
eo
¼
r
ro for r 6 ro
r
ro
 n
for rP ro
8<
: ð9Þ
Here, total strain et is decomposed into elastic and plastic strains
(et = ee + ep) and ro is the yield strength. Eq. (9) can be revised as
r ¼ ro eteo
 1=n
¼ Ke1=nt ð10Þ
where K is the strength coefﬁcient. The values of n and K are esti-
mated by the regression of stress and strain values from Eqs. (7)
and (8). Elastic stress–strain relation at yield is ro = Eeo, and Eq.
(10) reduces to ro ¼ Ke1=no at yield point. Matching these two rela-
tionships produces the value of yield strength in the form of
ro = (Kn/E)1/(n  1) = E(K/E)n/(n  1) (Lee et al., 2005).
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(1986), Pharr et al. (1992), and Li et al. (2009) evaluated Young’s
modulus using the unloading slope of load–depth curve. As the
method is based on elastic contact theory for an arbitrary rigid in-
denter, it needs modiﬁcation for general elastic–plastic materials.
Lee et al. (2005) and Lee et al. (2008) introduced correction factor
j into the formula as follows.
E ¼ 1 m
2
d=ðjSÞ  ð1 m2I Þ=EI
¼ 1 m
2
bd=S ð1 m2I Þ=EI
ð11Þ
Here E, v and EI, vI are Young’s modulus and Poisson’s ratio of a
specimen and an indenter, respectively. As introduced in Eq. (5), d
is the contact diameter and S  dP=dhtjht¼hmax is the initial unloading
slope of load–depth curve. Here we use just linear ﬁtting slope,Fig. 8. The distribution of equivalent plastic strain at (a) loaded andwhich is quite different from Oliver–Pharr’s power law ﬁtting meth-
od (Oliver and Pharr, 1992; Pharr, 1998), but the linear ﬁtting would
be valid, too, for initial unloading range (Lee et al., 2005; Lee et al.,
2008). We provide j as a function of material properties [Eq. (15)]
from the FEA. Note that j is the reciprocal of correction factor b of
Pharr et al. (1992).
3.4. The optimal data acquisition point for hmax/D = 20% indentation
Fig. 7 shows the distribution of equivalent plastic strain along
the l-direction (Fig. 4) at speciﬁc indentation depth (ht/D = 5, 10,
15, 20%) for the material with eo = 0.002, E = 200 GPa, and n = 10.
Here, the data acquisition point along r-direction (Fig. 4) is 2r/
d = 0.8, which is the same as hmax/D = 6%. From Fig. 7, it can also
be seen that the equivalent plastic strains near the surface exceeds(b) unloaded states (ro/E = 400 MPa/200 GPa, n = 10, ht/D = 20%).
654 J.H. Lee et al. / International Journal of Solids and Structures 47 (2010) 647–664unity for hmax/D = 20%. If we take the optimal data acquisition
point near the surface, the representative strains are too large to
represent the current deformation. In this work, we select the opti-
mal data acquisition point at 2r/d = 0.8 and l/D = 0.3 where the
strain gradient is gentle and frictional effect is negligibly small.
Figs. 8 and 9 show the distribution of equivalent plastic strain
and Mises stress at the maximum loaded state [Fig. 8(a) and
Fig. 9(a)] and at unloaded state [Fig. 8(b) and Fig. 9(b)] beneath
the indented surface. These ﬁgures mean that the distributions of
equivalent plastic strain at loaded and unloaded states are almost
identical, whereas those of Mises stress are quite different. Plastic
strains considerably bigger than elastic strains exist at unloaded
state, but most of Mises stresses are relieved by the elastic recov-
ery and only partial residual stresses remain at unloaded state.
Equivalent plastic strains are much bigger than 1 near the contact
edge beneath the material surface. Note that Tabor’s strainFig. 9. The distribution of Mises stress at (a) loaded and (b) un(ep = 0.2d/D, 1948), deﬁned at contact edge of a spherical indenter,
is inconsistent with plastic strain in Fig. 8.
3.5. Numerical formulas for deep spherical indentation techniques
At the optimal data acquisition point (l/D = 0.3, 2r/d = 0.8),
examining the variation of indentation variables c2, ep, w, and j
for various material properties with ranges in Table 2, we suggest
indentation formulas based on FEA.
In the 6% indentation (Lee et al., 2005), not the values of elastic
modulus and yield strength, but yield strain, which is the ratio of
yield strength to elastic modulus, and strain-hardening exponent
are the two key parameters governing the subindenter deforma-
tion characteristics. In 20% indentation, however, Young’s modulus
itself becomes a vital factor. Fig. 10 shows that on the evolution of
representative plastic strain ep, Young’s modulus has no effect for aloaded states (ro/E = 400 MPa/200 GPa, n = 10, ht/D = 20%).
Table 2
Material properties used in ﬁnite element calculations of spherical indentation.
Parameter Values used for FEA
Young’s modulus (E) 100, 200, 300 GPa
Poisson’s ratio (m) 0.3
Yield strain (eo) 0.001, 0.002, 0.003, 0.004, 0.006, 0.008, 0.01
Strain-hardening exponent (n) 1.1, 1.5, 2, 2.5, 3, 4, 5, 7, 10, 13, 20, 50
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Fig. 10. ep vs. indentation depth curves for three Young’s moduli with ﬁxed value of
yield strain eo (a) 0.002 and (b) 0.01.
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Fig. 11. Regression curves of c2 vs. indentation depth for 12 values of strain-
hardening exponent n listed in Table 1.
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Fig. 12. Regression curves of equivalent plastic strain vs. indentation depth for 12
values of strain-hardening exponent n.
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Fig. 13. Regression curves of constraint factor w vs. indentation depth for 12 values
of strain-hardening exponent n.
J.H. Lee et al. / International Journal of Solids and Structures 47 (2010) 647–664 655small yield strain eo = 0.002 [Fig. 10(a)], but has notable effect for a
large yield strain eo = 0.01 [Fig. 10(b)]. Dimensional analysis of
deep indentation leads us to characterize the relative elastic defor-
mation of an indenter by E/EI, the ratio of Young’s moduli between
a specimen and an indenter. We added the variable E/EI to the
property extracting indentation algorithm. The variable E/EI van-
ishes in the 6% indentation technique (Lee et al., 2005), since neg-
ligible elastic deformation of indenters due to small 6% indentation
load makes the indenter act rigidly. The main parameters of our
study are now yield strain, strain-hardening exponent, and ratio
of Young’s moduli.
Figs. 11–13 illustrate the relationships of three normalized vari-
ables c2, ep, w, respectively, to indentation depth ht with eo = 0.002,
E = 200 GPa for 12 values of strain-hardening exponent ranged as
in Table 2. With yield strain and Young’s modulus ﬁxed, polyno-
mial regression determines the coefﬁcients of functions as a func-
tion of strain-hardening exponent ﬁrst. With Young’s modulus still
ﬁxed, varying yield strain through its entire range in Table 2 then
makes the coefﬁcients as double polynomial functions of strain-
hardening exponent and yield strain. Note that for each value of
varying yield strain, strain-hardening exponent varies again
through its entire range in Table 2. Finally, varying Young’s modu-
lus produces the coefﬁcients as triple polynomial functions of
strain-hardening exponent, yield strain, and the ratio of Young’s
moduli E/EI. Note here again that for each value of varying Young’smodulus, yield strain varies again through its entire range in Ta-
ble 1; for each yield strain, strain-hardening exponent varies again
through its entire range. The total number of sets for these regres-
sion is 252 (E: 3  eo: 7  n: 12). Note that the indenter of FEA is an
elastically deforming tungsten carbide (EI = 537 GPa, mI = 0.24).
Thus, EI has a ﬁxed value of 537 GPa; only Young’s modulus of
specimen E varies. Eqs. (8)–(10) are the integrated regression
1/n
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0.0
0.2
0.4
0.6
0.8
1.0
1.2
0.001
0.002
0.003
0.004
0.006
0.008
0.01
Reg.E = 200GPa
ε
o
Fig. 14. j vs. 1/n curve for Young’s modulus E = 200 GPa and seven values of yield
strain eo listed in Table 1.
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We also plotted the regression lines generated from Eqs. (12)–
(14) in Figs. 11–13.Fig. 15. Flowchart for the determic2 ¼ f c0 ðeo;n;E=EIÞ þ f c1 ðeo;n;E=EIÞ lnðht=DÞ ð12Þ
f ci ðeo;n;E=EIÞ ¼ acijðeo;E=EIÞnj
acijðeo;E=EIÞ ¼ bcijk E=EIð Þeko
bcijkðE=EIÞ ¼ ccijklðE=EIÞl
ep ¼ f ei ðeo;n;E=EIÞ
ht
D
 i
ð13Þ
f ei ðeo;n;E=EIÞ ¼ aeijðeo;E=EIÞnj
aeijðeo;E=EIÞ ¼ beijkðE=EIÞeko
beijkðE=EIÞ ¼ ceijklðE=EIÞl
w P
D2r
¼ f wi ðeo;n;E=EIÞ
ht
D
 i
$ r¼ P
D2w
ð14Þ
f wi ðeo;n;E=EIÞ ¼ awij ðeo;E=EIÞnj
awij ðeo;E=EIÞ ¼ bwijkðE=EIÞeko
bwijkðE=EIÞ ¼ cwijklðE=EIÞl
i¼ 0;1 for c2; i¼ 0;1;2;3 for ep and w
j¼ 0;1;2;3;4; k¼ 0;1;2;3; l¼ 0;1;2 for c2;ep; and wnation of material properties.
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hmax/D = 20%. We performed linear ﬁtting for unloading curves
using initial 10% of unloading data as in hmax/D = 6% indentation.
The regression range is more important than the order or form of
regression function. It is undesirable to use bigger portion of the
unloading curve since the initial unloading slope has a closer rela-
tion to specimen Young’s modulus E. We analyzed the j value
range for three Young’s moduli E = 100, 200, 300 GPa. Fig. 14 shows
the variation of j with 1/n for seven values of eo in Table 2 with
E = 200 GPa ﬁxed. Note that j increases with decreasing n, andσ
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Fig. 16. Comparison of computed stress–strain curves to those given for E = 100 GPa [eo =
(g) 0.003, and (h) 0.004].converges to 1 when n approaches 1, which is the linear elastic
case. Linear regression of all parameters provided the following
expression:
E ¼ 1 m
2
d=jS ð1 m2I Þ=EI
ð15Þ
jðeo;n; E=EIÞ ¼ ajj ðeo; E=EIÞnj
ajj ðeo; E=EIÞ ¼ bjjkðE=EIÞeko
bjjkðE=EIÞ ¼ cjjklðE=EIÞl; j ¼ 0;1; k ¼ 0;1; l ¼ 0;1σ
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(a) 0.001, (b) 0.002, (c) 0.003, and (d) 0.004] and E = 150 GPa [eo = (e) 0.001, (f) 0.002,
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4.1. Evaluation of elastic–plastic properties using numerical formulas
We produced a program for material property evaluation using
the above functions for hmax/D = 20%. Fig. 15 is the ﬂowchart of the
program. Simulating actual indentation tests, we generated load–
depth curve from FE analyses for hmax/D = 20%. Then, the load–
depth curves are fed into the property evaluation program. Theσ
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Fig. 17. Comparison of computed stress–strain curves to those given for E = 200 GPa [eo =
(g) 0.003, and (h) 0.004].process of material property evaluation for 20% is the same as that
of 6% indentation, and we simply change the regression functions.
First, normalized parameters c2, ep, w, j were calculated from the
generated functions Eqs. (12)–(15) using the previously estimated
values of E, ro, n. Regression of stress–strain relation obtained with
the functions produced updated material properties. The updated
material properties were then compared with the previously esti-
mated values. The process was repeated until the updated proper-
ties converged within tolerance, etol, for which 1e4 was chosen.σ
0
500
1000
1500
σ
0
750
1500
2250
εt
0.00 0.05 0.10 0.15 0.20 0.25 0.30
σ
0
1000
2000
3000
σ
0
250
500
750
1000
Given stress-strain curves
Computed data
σ
o
/E = 250/(250×103)
σ
o
/E = 500/(250×103)
σ
o
/E = 750/(250×103)
σ
o
/E = 1000/(250×103)
n = 5
7
10
13
e
f
h
(a) 0.001, (b) 0.002, (c) 0.003, and (d) 0.004] and E = 250 GPa [eo = (e) 0.001, (f) 0.002,
Table 3
Comparison of computed material property values to those given for hmax/D = 20%.
ro /E (103) n Computed ro/E (103) Error (%) Computed n Error (%)
100/100 5 103/100 2.9/0.2 4.97 0.6
7 103/99 2.7/1.2 7.02 0.3
10 103/98 2.9/1.5 10.3 2.5
13 103/99 3.3/1.4 13.8 5.9
200/100 5 199/100 0.4/0.2 4.86 2.8
7 199/99 0.7/0.8 6.74 3.8
10 198/99 1.1/0.9 9.39 6.1
13 199/99 0.7/1.2 12.2 5.8
300/100 5 302/100 0.7/0.2 4.94 1.3
7 299/100 0.5/0.4 6.77 3.3
10 298/99 0.5/1.2 9.49 5.1
13 297/100 1.1/0.4 12.1 7.2
400/100 5 411/99 2.6/0.9 5.05 0.9
7 406/99 1.4/1.1 6.98 0.2
10 402/99 0.5/1.0 9.77 2.3
13 400/99 0.0/0.6 12.5 3.7
150/150 5 161/151 7.1/0.5 4.92 1.5
7 159/149 6.2/0.6 6.97 0.5
10 158/148 5.5/1.3 10.1 1.1
13 158/149 5.1/0.7 13.5 3.8
300/150 5 303/151 1.1/0.4 4.81 3.9
7 301/150 0.3/0.3 6.62 5.4
10 301/150 0.2/0.3 9.33 6.7
13 301/149 0.4/0.7 12.1 6.7
450/150 5 459/149 2.0/0.4 4.91 1.8
7 451/149 0.1/0.4 6.67 4.8
10 450/149 0.1/0.7 9.35 6.5
13 449/149 0.3/0.5 12.0 7.8
600/150 5 614/150 2.4/0.3 4.98 0.4
7 608/149 1.3/0.6 6.86 2.0
10 606/149 0.9/1.0 9.68 3.2
13 602/149 0.4/0.8 12.3 5.1
200/200 5 205/201 2.4/0.7 4.95 0.9
7 205/199 2.4/0.5 7.01 0.2
10 205/198 2.7/1.0 10.22 2.2
13 206/197 3.2/1.3 13.7 5.6
400/200 5 395/202 1.2/0.9 4.83 3.3
7 393/201 1.9/0.3 6.63 5.3
10 395/200 1.3/0.1 9.41 5.9
13 396/199 0.9/0.5 12.2 6.2
600/200 5 600/201 0.0/0.3 4.90 2.0
7 591/201 1.4/0.5 6.68 4.6
10 594/199 1.1/0.5 9.39 6.1
13 590/201 1.7/0.3 11.9 8.9
800/200 5 812/200 1.5/0.1 4.98 0.4
7 810/198 1.2/1.0 6.96 0.5
10 796/200 0.4/0.1 9.57 4.3
13 795/200 0.6/0.1 12.3 5.4
250/250 5 268/252 7.2/0.7 4.93 1.4
7 266/248 6.5/0.8 6.99 0.1
10 264/246 5.5/1.4 10.12 1.2
13 263/247 5.3/1.2 13.5 4.2
500/250 5 507/251 1.4/0.3 4.82 3.6
7 505/248 0.9/0.7 6.67 4.7
10 501/249 0.1/0.5 9.30 7.0
13 502/248 0.3/0.8 12.1 7.1
750/250 5 763/249 1.7/0.3 4.90 2.1
7 756/248 0.8/0.8 6.74 3.7
10 751/248 0.1/0.8 9.38 6.2
13 750/248 0.0/0.7 12.1 7.1
1000/250 5 1014/250 1.4/0.1 4.92 1.7
7 1015/247 1.5/1.1 6.86 2.0
10 1007/247 0.7/1.1 9.60 4.0
13 1004/248 0.4/0.8 12.3 5.2
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Table 4
Comparison of computed material property values to those given for two indenter materials (eo = 0.002).
ro/E (103) Indenter n Computed ro/E (103) Error (%) Computed n Error (%)
400/200 WC 5 395/202 1.2/0.9 4.8 3.3
7 393/201 1.9/0.3 6.6 5.3
10 395/200 1.3/0.1 9.4 5.9
13 396/199 0.9/0.5 12.0 6.2
Diamond 5 410/197 2.4/1.4 4.9 2.8
7 406/196 1.4/1.9 6.7 4.1
10 404/197 0.9/1.7 9.5 5.1
13 404/196 1.0/2.0 12.4 4.7
600/300 WC 5 612/301 1.9/0.4 4.9 2.9
10 605/297 0.8/1.2 9.4 5.6
Diamond 5 613/296 2.2/1.5 4.9 3.0
10 602/295 0.3/1.5 9.3 6.8
800/400 WC 5 839/389 4.9/2.7 5.0 0.3
10 816/387 2.0/3.2 9.7 3.2
Diamond 5 810/394 1.2/1.6 4.8 4.0
10 801/393 0.1/1.8 9.3 7.2
Fig. 18. The conﬁguration of indentation system DKTT-3000.
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nite element analyses, and the gray circles are the predicted stress–
strain values. The indentation approach successfully provides a
stress–strain curve and material properties with an average error
of less than 3%. Table 3 compares the given and estimated material
properties. The average errors of evaluated properties are 1% for
Young’s modulus, 2% for yield strength, and 3% for strain-harden-
ing exponent. Their maximum errors are about 2% for Young’s
modulus, 7% for yield strength, and 9% for strain-hardening
exponent.
From Figs. 16, 17 and Table 3, we conﬁrm that our program ﬁ-
nely estimates the material properties and the stress–strain curves
for E = 150 and 250 GPa, which were not used to make the regres-
sion functions (Eqs. (12)–(15)). Hence, the program works for arbi-
trary material properties that lie within the material property
range covered in FEA (Table 2).4.2. Validity of indentation formulas for any indenter materials
To extend the numerical solutions for a tungsten–carbide (WC)
indenter to the indenter of any material, we performed several FEA
with diamond indenters and calculated the errors of estimated
material properties. Young’s modulus EI and Poisson’s ratio mI of
WC are EI = 537 GPa and mI = 0.24, and those of diamond are
EI = 1000 GPa, mI = 0.07. We input the load–depth data obtained
with a diamond indenter into the property evaluation program
built with WC indenter, and we replaced WC indenter properties
with diamond indenter properties in Eqs. (12)–(15). Table 4 com-
pares the computed material properties for WC and diamond ind-
enters. It indicates that the suggested indentation program can be
used for any kind of elastically deforming indenters including WC
and diamond without additional analyses. This is because the term
E/EI in Eqs. (12)–(14) and the term (1-m2I Þ/EI in Eq. (15) reﬂect the
effect of indenter properties on loading and unloading data. It is
remarkable in Table 4 that quite exact properties are obtained with
both indenters even for E = 400 GPa, which is beyond the property
bounds for regression functions in Table 2.5. Experimental veriﬁcation of spherical indentation tests
5.1. Tensile and indentation tests
Prior to indentation tests, we performed tensile tests according
to ASTM E8 to obtain reference material properties of selected
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Fig. 19. Comparison of computed stress–strain curves using original method to those given.
J.H. Lee et al. / International Journal of Solids and Structures 47 (2010) 647–664 661specimens. We tested four different metallic materials (SCM4,
Brass, SS400, API-X65) widely used in engineering practice.
We developed an instrumented micro-indentation tester, DKTT-
3000 (Fig. 18). The capacity and resolution of its load cell are
500 kgf and 5 gf, respectively, and the resolution of a linear enco-
der measuring indented depth is 0.05 lm. An AC servo actuator
with maximum 6.5 kgfm torque precisely controls the displace-
ment. We used uniﬁed WC spherical indenters with the tip-diam-
eter of 0.5 mm, so maximum indentation depth is 0.1 mm. We
obtained the load–depth data of four materials with DKTT-3000,
and then calibrated the indenter compliance Cf (Fischer-Cripps,
2002) as shown in Eq. (16) where hct is the corrected depth.
hct ¼ ht  Cf P ð16Þ
Cf is independent of testing material. In this paper, we adopted the
value Cf = 5E6 mm/N. Inputting the corrected load–depth data into
the property evaluation program, the ﬂowchart of which is shown
in Fig. 15, we extracted the material properties and corresponding
stress–strain curves.
5.2. Evaluation of material properties by indentation tests
Fig. 19 compares the stress–strain curves obtained from inden-
tation and tensile tests. Table 5 summarizes the estimated material
properties and the error between two experimental methods. TheTable 5
Comparison between material properties computed by two-parameter regression
over total strain range of indentation data and those measured by tensile tests.
Material ro/E (103) Computed ro/E (103) Error (%)
SCM4 689/205 680/224 1.3/9.3
Brass 156/106 93/100 41/5.7
SS400 290/201 230/199 21/0.8
API-X65 470/210 321/207 32/1.4maximum errors of yield strength and Young’s modulus are 40%,
9%, and the averages are 24%, 4%, respectively. Brass obviously
deviates from the ideal piecewise power law of Eq. (9), and API-
X65 carries relatively large Lüders strain, both of which are the
sources of large errors. It should also be noted that the material
properties obtained from tensile tests are simply reference values,
as they also contain experimental errors.
To minimize the errors in the materials disobeying power law
regression, we examined the effect of regression range of strain
on the estimated yield strength. In new algorithm, yield strength
is ﬁrst produced by two-parameter (K and n) regression over par-
tial strain range, and then n is recalculated by regression over
whole strain range. It was conﬁrmed that the partial regression
range [eo, 0.02] gave improved yield strengths. Fig. 20 shows the
stress–strain curves obtained from indentation tests using the se-
lected strain ranges for yield strength calculation. Table 6 shows
the estimated material properties and the errors. The yield
strengths of Brass, SS400, API-X65 are substantially improved.
The maximum errors of yield strength and Young’s modulus are
5%, 13%, and the averages are about 3%, 7%, respectively.
The selective regression approach provides an additional advan-
tage of minimizing the effect of friction coefﬁcient. Table 7 com-
pares the estimated material properties and errors obtained by
original and modiﬁed methods for four friction coefﬁcients
(f = 0.1, 0.2, 0.3, 0.5). The material properties are given as
E = 200 GPa, ro = 400 MPa, n = 10. It is conﬁrmed in Fig. 6 that
the latter part of the load–depth curves for f = 0.1 differs from that
for f = 0.3. Note that all of mapping functions in Eqs. (12)–(15) were
obtained with the friction coefﬁcient f = 0.3 in FEA (Section 3.2).
Thus, the original method produced sizable errors when we post-
processed the load–depth data for f = 0.1. On the other hand, the
load–depth curves for fP 0.2 are so similar that the frictional ef-
fect on the properties estimated with original method is quite
small. Under the unknown frictional conditions in practice, the
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Fig. 20. Comparison of computed stress–strain curves using modiﬁed method to those given.
Table 6
Comparison of material properties computed by two-parameter regression over
selected strain range of indentation data with those measured by tensile tests.
Material ro/E (103) Computed ro/E (103) Error (%)
SCM4 689/205 687/204 0.3/0.3
Brass 156/106 162/100 3.6/5.4
SS400 290/201 301/174 3.9/13
API-X65 470/210 449/189 4.5/10
Table 7
The frictional effect on the estimated material properties computed by two-
parameter regression using the total and partial strain ranges (E = 200 GPa,
ro = 400 MPa, n = 10).
Strain range Friction
coefﬁcient
Computed
ro/E (103)
Error
(%)
Computed n Error
(%)
Total 0.1 461/200 15/0.1 19.2 92
0.2 405/201 1.3/0.6 10.3 3.3
0.3 395/200 1.3/0.1 9.41 5.9
0.5 397/198 0.8/1.2 9.49 5.1
Partial (eo < e< 0.02) 0.1 388/208 3.1/3.9 9.88 1.2
0.2 397/202 0.8/0.8 9.95 0.5
0.3 396/199 1.1/0.4 9.64 3.6
0.5 405/196 1.3/1.9 10.2 1.9
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strength since the initial part of load–depth data are barely af-
fected by the surface friction. It also makes the value of strain-
hardening exponent to be improved. Note that this method does
not need to assume the friction coefﬁcient in advance, or to make
additional formulations for the property evaluation program.
The maximum and average errors between indentation and ten-
sile tests seem quite acceptable from an engineering point of view.
Note again that tensile tests also carry errors inevitably, and the
yield strength and even Young’s modulus values on tensile
stress–strain curve are often obscure. The true stress–strain curvesubsequent to necking is also inaccurate, and further, the true
stress–strain curve obtained by compression test is often quite dif-
ferent from that obtained by tensile test, which is unacceptable be-
cause under the general continuum, isotropic plasticity theory, the
uniaxial true tensile stress–strain curve should be exactly the re-
verse of the uniaxial true compression stress–strain curve.
In addition, to improve the properties obtained from the inden-
tation test, we should carefully examine many other factors affect-
ing the tests: the magnitude of initial load signaling the contact
initiation, indenter compliance, geometric imperfection of indenter
tip, calibration errors in apparatus, Lüders strain, and the errors of
referential properties from tensile/compression tests.6. Discussion
The sensitivity issues on the indentation tests are quite impor-
tant and critical, and many studies have performed to examine the
robustness of the developed methods (Capehart and Cheng, 2003;
Prchlik, 2004; Lee et al., 2005; Lan and Venkatesh, 2007; Ge et al.,
2009). We found that for our shallow spherical indentation tests
(Lee et al., 2005), the sensitivity of estimated properties to varia-
tions in the load was negligible, however, as shown in Fig. 5(b),
it can be a substantial problem in the experimental indentation
tests. Therefore, we think the main sensitivity issue is not on the
robustness of forward or reverse analysis using simulation data,
but on the effectiveness of the method to the actual experimental
indentation tests. It is insufﬁcient to perturb the input data or
load–displacement curve because actual problems are more com-
plicated. If we could not solve the each problem one by one, we
could not get the proper results. For example, Lan and Venkatesh
(2007) have studied the uniqueness and sensitivity issues for
power law hardening materials. However, it can be another prob-
lem if we consider actual material properties not obeying power-
law hardening relation well, and use actual experimental indenta-
tion data containing lots of uncertainties. The sensitivity analysis
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on the simple, artiﬁcial perturbation of load (or slope) in simula-
tion. It will be more complicated, but some problems can be solved
by means of technical ways or just improvements of instrument.
As we have shown in the present work, the developed method
can give good estimation of material stress–strain curves in wide
range, but the initial yield region of stress–strain curve are still
sensitive to evaluation methods chosen. Therefore, we conclude
that it is inevitable for non-power law hardening materials to have
some errors in yield strength predicted from indentation tests. This
conclusion is quite reasonable when we think that we could not
ﬁnd the distinctive initial yield point in indentation load–displace-
ment curve. If one consider experimental errors including initial
penetration depth, frame compliance, tip defect and so on, the
evaluation errors could dramatically be ampliﬁed over 20%. De-
spite this uncertainty, the developed indentation method is never-
theless innovative and effective to evaluate ideal power law
material elastic–plastic properties. When we perform well-stan-
dardized tensile/compression tests, we could not automatically ob-
tain yield strength, even elastic modulus. Even when we strictly
follow the ASTM standard, the yield strength (especially that of
high hardening material) is quite vague; the value can thus depend
on experimenters or apparatus. Lüders strain also makes uncer-
tainty of yield strength in indentation tests. Therefore, further
attention should not be focused in the evaluated property values
themselves, but be given to whether the stress–strain curve from
indentation test matches well with the stress–strain curve directly
obtained from tensile/compression tests.
7. Summary and conclusions
In this study, we investigated the representative stress and plas-
tic strain in indentation testing via critical ﬁnite element analysis,
and suggested some conditions to determine the representative
values for power law and non-power law hardening materials.
We showed that the representative strain should also be a function
of material properties, not only indenter angle for sharp indenter
and indentation depth for spherical indenter. Moreover, it should
be much smaller than 0.3 for cone (/ = 70.3o). The average plastic
strain decreases with increasing hardening, so the chosen strain
should follow this rule. Based on these facts, a new numerical ap-
proach was developed to evaluate material properties of metals by
using deep spherical indentation tests. The load–depth curves were
converted to stress–strain curves, which provided material proper-
ties: Young’s modulus, yield strength, and strain-hardening expo-
nent. The average errors of evaluated material properties were
less than 5% for given power law hardening materials. The method
is valid for any elastically deforming indenters made of tungsten
carbide and diamond, for instance. To study the response of devel-
oped method to actual indentation tests for metals, experimental
veriﬁcation with our micro-indentation system was also per-
formed. From this, we have framed a method that is robust enough
to get ideal properties. We will now have the opportunity to exam-
ine more complex and real properties via indentation. If we can im-
prove the measuring techniques and ﬁnd more inclusive criterion
to choose representative stress–strain values that are applicable
to non-power law hardening materials as discussed in Section 2,
we may achieve more stable and reliable properties from the
methodology.
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